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SUMMARY

A method 1s presented for the rgpld prediction of the shape of
attached shocks emsneting from smoothly contoured axisymmetric and two-
dimensional nose shapes. From & practical viewpoint the accuracy of
the method is comparable to that of the method of characteristics.

INTRODUCTION

The shape of the attached shock erising from the nose or leading
edge of a body et supersonic speeds has long been recognized as a sub-
Jeet of conslderable practical importance, particularly in the solution
of interference problems, since all such shocks define the beginning of
an interference flow field. For the arbiltrary nose shape, interference
analyses which approximate the shock position by a Mach angle propagation
of disturbances and those which employ the straight-shock approximation
based on the initial cone (or wedge) angle of the nose are greatly
restricted 1n application. An accurate evaluation of interference
requires an accurate representation of the curved exact shock which is
the true beginning of the interference field; this exact shock lies
between those estimated by the two aforementloned approximations. Accu-
rate shock shape can be particularly helpful in determining the proper-
ties of the flow field downstream of the shock. (See ref. 1, for

example.)

In addition to ite velue in interference problems, knowledge of
the shape of the shock frequently has a direct bearing upon the choice
of maximum model size for a given wind tunnel.

A number of methods are available for calculating shock shape. OF
the less laborious methods, the linear-theory approach of Whitham (ref. 2)
has perhaps met with as much success and recelved as much attention as
any. However, the range of appllicsbility of these less leborious methods
is severely restricted. For example, Whitham has stated {ref. 2) that
when the seminose angle is as large as approximately 20° his method does
not give accurate quantitative results; he also shows that his method,
when applied to the simple case of cones, does not give satisfactory
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shock angles beyond semicone angles of about 10° and Mach numbers of
about 3. (An upper limit in Mach number of about 2.5 would appear more
reasonsble from the results shown in ref. 2.) When it is recognlzed
that the difference between Mach angle and shock angle for a semicone
angle of 5° is no more than 0.16°, and usually less, for Mach numbers
from 1.1 to 2.5, the range for which this method has practical use 1s
seen to be small.

For calculating shock shape over wide ranges of Mach number and
nose shape, the laborlous method of characteristics must be used. TFor
two-dimensional shapes at all Mach numberg and for three-dimensional
shepes at high Mach numberg the characteristic calculations can often
be handled in a simplified and less tedlous form with satisfactory
results. (See refs. 3 and 4, for example.) Even in simplified form,
however, the calculations are not brief. At the lower supersonic Mach
numbers (of the order of 3 or less) the time-consuming axisymmetric
method of characteristics must be employed for three-dimensional shapes.

The purpose of this report is to present a rapid method, applicable
over & wide range of Mach number and nose shape, for calculating the
shape of curved attached shocks emenating from the noses of two- and
three~dimensional bodies. The establishment of the method was based _.
upon results obtalned from a number of calculatlions by the method of
characteristics. However, although these calculations were essential to
the development of the method, similar calculstions are not required in
the application of the method. The method was not developed for Mach
numbers beyond about 5; attached shocks will probebly be a rarity at
Mach numbers of 5 and higher, since problems associated with aerodynamic
heating will quite likely dlctate the use of blunted noses. Further, at
high Msch numbers the presence of thick boundary layers mey significantly
alter the effective nose shape.

SYMBOLS
K scale factor for converting unspecifled ordinates to circular-
arc ordinates
A nose length (from tip of nose to station where slope of nose
surface becomes zero, measured along x-axis)
M . free-stream Mach number
X, ¥ orthogonal coordinates having origin at nose

s] gemicone angle or semiwedge angle at x = 0
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€ shock inclination at x = 0O
13 Mach angle, sin™t %
Subscripts:
c circular-arc nose
1 unspécified scale and shape of nose and unspecified scale
of shock
DISCUSSION

Analytical Considerations

Equation for unspecified shock.- Consider s pointed nose shape
immersed in a supersonic streaem and having an attached, curved nose
shock as shown in the following sketch:

y
)

Shock

M Nose shape ’/’P

The nose shape 1s a smoothly varying contour having no discontinu-
ities in slope and 1ls assumed to terminate at point P where the slope
of the surface 1s zero. At a particular Mach number, the initial incli-
nation of the shock € must be that dictated by the wedge or cone angle
at the tip of the nose (x = 0); the inclinstion of the shock at x = «
mist be equal to the Mach angle of the free stream. Thus, two general
condlitions to be satisflied on the shock are:
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At x =0,
& - tan e : : - (1)
ax .

At x = o,
g%=t8~nu ' (2)

It is assumed that an expression y = f(x), which satisfies these
conditions and varies from one limit to the other without discontinuity

in %% end with QE% always remesining negative (except when x = o, of
dx

course), represents satisfactorily the shape of any shock of unspecified
scale from any nose of the type Just described that 1s of unspecified
scale and shape but with the same value of 8. It is to be noted that
the unspecified scales of the shock and of the nose are not assumed to
be ldentical; they might be, but thls remsins to be determined. With
the subscript 1 denoting the unspecifiled conditions of scale and shape,
a simple equatlion that satisfies the aforementioned limits and variations
may be written as follows:

(%xz)i - tan e(i-_l_—lﬂ) + tan “(ﬁiTi) (3)

Integration ylelds

¥y = ten eE_oge(l + xi)] + tan pixy - loge(l + xi):[ (4)

This is the equation of the so-called unspecified shock. It may alsc be
expressed in terms of the paremeter X8R € gg

3
tazip. - xq + (%:g_ui - 1) loge (L + X1) (5)
Curves showilng tazip as a function of xy for various values of the
parameter %3%—5 are given in figure 1; the use of these curves becomes
apparent subsequently. The curve for tan € _ 3 i35 geen to be a straight

tan p
line and 1g the trivial solution of the shock with zero strength, that
1s, a Mach wave.
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The unspecified shock, defined by equation (h), mist now be related
to specified nose shapes and the scale relation determined. The problem
of selecting the specified nose shapes is considered first.

Establishment of lmportant pert of nose shape.- For a pointed nose
of smooth contour such as that considered herein, the shape of the shock
for all practical purposes is determined primsrily by the forward portlon
of the nose rather than the rearward portion. Consider the following
slmplified sketch of an arbitrary nose shape:

N!
y
s P
Shock
First-femily
M N characteristic lines
———— P
b4
0]

For a two-dimensional nose shape the Mach number on the nose surface
at the rear of the nose (point P, where the slope is zero) is only
slightly different from the free-stream Mach number; consequently, the
influence of point P, which is propagated along the first-family charac-
teristic from P (denoted by PP', which generally has small curvature),
is felt at the shock only at extremely large values of x (from a practi-
cal viewpoint, only when x —«). Furthermore, at these extreme values
of x, the attenuation in shock strength has already reduced the shock
to essentlslly a Mach wave. The rearmost portions of the nose may there-
fore be regarded as of no concern in the problem. The rearmost reglon
on the nose surface that has significant influence on the shock shape
(for instance, in the viecinity of point N with first-family character-
istic MNN' which in the resl case is slightly curved) was indicated in
the course of the characteristic caleculations for the two-dimensional
phase of this study to lie approximately between 40 and TO percent of
the nose length.

For three-dimensional, or axisymmetric, nose shapes, the negligible
effect 'of the rear portion of the nose upon shock shape is recognized
even more reedily from the fact that the Mach number on the surface at
polnt P 1is greater then that of the free stream. Consequently, point P
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and a portion of the surface ahead of this point could never influence
shock shape (except through the interaction with recompressions from an
afterbody added downstream of P, generally a trivial effect so long as
the shock is attached). Thus the rearmost region on an axisymmetric nose
that has significant influence on shock shape, that 1s, in the vicinilty
of point N, lles well forward on the nose. Some typical illustrations

of this are given in flgure 2 where characteristic solutions from previous
studlies of some srbltrary nose shapes are shown. In these examples a
first-family characteristic has been selected and labeled NN' +to show
that polnts on the nose downstream of the general viclnity of the point N
would heve no significant influence on shock shape.

Selection of famlly of nose shapes.- It 1s thus firmly established
that attentlon should be focused on the forward part of the nose and that
the reerward portion of the nose is of little concern 1n relating the
unspecified shock to specified nose shepes.  The lmportence of this obser-
vation is that, for pointed noses of smooth contour such as those con-
sidered hereln, the unspecified shock may be related to*g particular
femily of nose shapes (i.e., parabolas, circular arcs, and so forth).
Although this femily obviously ceannot represent the entire contour of
some arbitrery nose shape, it may be adequately fitted to the forward
portion of an arbitrary shape in such a way that this forwsrd contour,
which for all practical purposes determines the shock shape, is effec-
tively reproduced. Consider, for éxample, the arbiltrary nose shape
in the followlng sketch:

Arbitrary shape

—

a

Ai(;ircular arc wilith same value of B

A circular arc with the same value of & as the arbltrary nose shape,
while beilng a grossly ilnadequate representation of the rear portion of
the arbitrery nose, would duplicate almost exactly the forward 4O to
50 percent of the nose and would therefore be adequate as a means for
determining the shock shape of the arbltrary nose.

The selection of the particular family of nose shapes to which the
unspecified shock 1s to be related is governed by two princlpal factors;
namely, this family of shapes should be flexible in order to afford satis-
factory fitting to the forward portion of an arbitrary shape, and it
should be a family that can be expediently fitted to the arbitrary shape
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from an engineering viewpolnt. With regard to flexibility only, a family
defined by a general cublc or quartic equatlon would certalnly suffice.
However, the advantage that such a family of shapes has in flexibility

over simpler shapes is far overshadowed by the complexities of application,
since the fitting of the family shape to the arbitrary shape will always
involve & trisl-and-error process. Further, and of equal lmportance, the
establishment of the relation between the unspecified shock and the family
of shapes requlres sufficient calculaetions by the method of characteristics
to cover every possible shape represented by the family chosen. Obviously,
the use of cubics, quartics, and the like must be ruled out. Consideration
of all factors polnted to a simple family of shapes that could be defined
by ® only. Thus, attention was focused on circular arcs and parsbolas.
The circular arc was chosen in preference to the parabola for the followling
reasons. Although the value of & as obtalned from the arbitrary nose
shepe dictates the particular parabola‘or partlcular circular arc, it does
not define the scale to be used 'in fitting this family shape to the arbi-
trary nose shepe. This freedom of choice of scale constitutes the trial-
and-error process by which the best fit is obtained even though & 1is
fixed. 1In the case of the parabola, this trial-and-error process involves
replotting of the parabola each time the scale is changed. In the case

of the clrcular arec, the process involves merely the swinging of trisl
arcs by means of a compass from any point along a line passing through

the tip of the nose and normal to the slope of the nose at the tip.

The circuler erc 1s thus selected as the nose shape to which the
unspecified shock is to be related. The problem of relation is now,
therefore, one of scale only. With the subscript ¢ denoting values
applying to the ecireular arc, the simplest scale relstions between the
ordinates from the unspecified shock and the shock for the circular-arc
nose of length I are

(8), = s

(0, -

Determination of values of K.- In order to establish the values
of the scale factor K, the shape of the shock for a number of circular-
arc noses was calculated by the method of characteristics. There was
some question as to whether to include the effects of rotationsl flow
(i.e., vorticity) in these calculstions. For exactness in inviscid flow,
the inclusion of the effects of vorticity 1s demanded. However, from a
practical viewpolnt there were other considerations. First, the effects
of vorticlty upon attached-shock shape must be insignificent at low Mach
numbers inasmuch as the entropy gain across a normal shock at these Mach

(6)
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numbers is trivisl. BSecond, although the effects of vorticlity upon
attached-shock shape for a glven nose shape increase with Mach number,
there wae some information avaellable from previous calculations at a
Mach number of 2.2 and & = 20° (two-dimensionsl) asnd at a Mach number
of 2.59 and & = 35° (exisymmetric) which tended to indicate that the
effects of vorticity would be secondary at the higher Mach numbers and
nose angles covered in this study. Additional calculations were made
in conjunction with the present study to exemine the effects of vortic-
ity over the portion of the shock very near the nose, since in this
region the greatest change in the effects of vorticlity occur; the results
of these celculations are shown in figure 3. Figure 4 compiles all of
this information in terms of the ratio of the vertical ordinate of the
shock when vorticity is included to that when vorticity is neglected.

The fact that this ratio reaches unity at %-> 0 (in this case of the
order of 0.05) rather than at % = 0 .1s an inherent feature of the

method of characteristics which of nmecessity assumes that the tip of the
nose 1is a cone; consequently, the field of flow in the immediste neigh-
borhood of the tip is conical and without vorticity. The results in fig-
ure 4 indicate that the effects of vorticity are quite likely secondary
at most at the highest Mach numbers and nose angles of this study. When
the effects of viscosity are considered together with these indicated
small effects of vorticity, there is considerable Justification for
neglecting vorticity in making calculations for practical spplications
that fall within the range of varisbles considered herein. This arises
from the effect that the presence of the boundsry leyer hes in making
the nose shape effectlvely slightly bluffer, with the result that the
shock is forced slightly outward and in & direction that tends to com-
pensate for the effect that vorticity has in turning the shock slightly
inward. Vorticity is neglected in the calculations of figure 2; never-
theless, the calculated shock for which experimental results were avail-
able (fig. 2(b)) is seen to be in excellent agreement with the experi-
mental shock. Additional evidence of the compensating tendency of the
effects of the boundary layer and of vorticity is given subsequently.

For the reasons contained in the preceding paragraph and because of
the belief that the small effects of vorticliy may be adequately esti-
meted from the information contained herein, if so desired, the character-
istic calculations that were made to establish the values of K did not
inciude the effects of vorticity. The axisymmetric characteristic calcu-~
lations were performed on electronic computing mschines and hed a mesh
density of the net of the order of 5 times those shown in figure 2; these
calculations thus mainteined a high degree of accuracy. Most of the two-
dimensional characteristic cslculations were performed manually and had ¥
& mesh density of the order of those shown in the middle and outer portions
of the nets in figure 2. Spot checks of these manual calculations by
machine calculations revealed only minor differences. Thus, although the
two-dimensional calculstions do not have the precision of the axisymmetric
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calculations, they are believed to be sufficlently accurate. A total of
3L two-dimensional characteristic calculations were mede which covered
Mach numbers from 1.5 to 5.0 and values of & from 5° to 40°. A total
of 42 three-dimensional, or aexisymmetric, characteristic calculations
were made {excluding calculations to determine effects of vortlcity);
these covered Mach numbers from 1.5 to 4.0 and values of & from 10°
to 500. In all of these calculations the ordinates were nondimension-
alized with respect to nose length. The value of K +thus relates the
unspecified shock to a circular-arc nose of unit length.

For a particular combination of M and ®, & trisl-and-error graphi-
cal superposition at large scale of the unspecified shock given by equa-
tion (4) upon the shock from the characteristic solution showed that the
simple scale relations of equation (6) were adequate and determined, with
good precision, the value of K. Typicel illustrations of the precision
with which K may be determined are shown in figure 5 together with an
indication of the error 1n shock shape produced by a change in K from
the value which was selected as satisfyling the shock from the character-
istic soclution.

The values of K thus determined are given in table I, and the
variations in K with M and with 3 are shown in figure 6 for two-
dimensional cilrcular-arc noses and in figure 7 for axisymmetric circular-
arc noses.

For completeness and in order to facilitate the application of the
method to arbitrary nose shapes, figures 8 and 9 present curves glving
shock angles as a function of M for various values of & for wedges
(i.e., two-dimensional turning) and cones, respectively. These curves
were obtained from references 5 and 6.

Predictions by Present Method

Procedure.- The problem is to determine the shock for en arbltrary
nose shape. The values of M and & are known; therefore, upu and ¢
(figs. 8 and 9) are readily obtained. Values of yy for assumed values

of xi may be obtained by means of figure 1 if a quick approximation

is desired, or they may be easily calculated from equation (4) if more
accuracy ls desired. The appropriate value of K corresponding to the
particulaer combination of M and & 1is obtained from figure 6 or T.

Values of x and y are converted to (%) and (%) by equation (6).
c c

Along the line normsl to the slope of the nose at the tip and passing
through the tip of the nose of the arbitrary shape (see fig. 10), an arc
is swung which appears to fi1t best as much of the forward part of the
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nose as possible. The approprlate scales (%) and (%) for the N
c c

accordance with these scales. The shock thus obtalned is the desired
one. An expedient procedure that obviates the necessity of the new

scales (%) and (%) is to note the value of % at the intercept
c c
of the base of the circular-arc nose on the %--axis (see fig. 10), multi-

ply the calculsted values of (%) and (%) by this value, and plot
c c

the resulting values in accordance with the existing x/1 and y/1

scales of the arbitrary nose shape. B
Comparisons with experiment and characteristic theory.- It is

implicit from the development of the present method that the method should

glve an accurate prediction of the experimental shock for a clrcular-arc

nose. Figures 11 and 12 give examples at M = 1.62 that show this to

be true. The value of K for the calculatlon in figure 11 could be

determined accurately by interpolation from the curves of flgure T; con-

sequently, the excellent agreement of -the prediction with experiment is %

to be expected. The value of K for the calculation in flgure 12 was

obtained by extraepolation Iln e region where the curves of figure T are

experiencing large changes in slope. A value of K = 0.35 1s believed

to be a reasonable extrapolation; however, as the results of figure 12

show, small changes In K need not cause concern. With either K = 0.35

or K = 0.39 an excellent prediction 1s obtained.

Figure 13 gives an example of s predlction at M = 1.62 for a nose

shape whose contour 1s of the form y = a - bx2 + cxO - dx% (with the
origin for thls contour at the base of the nose). The fitted circular-
arc nose by means of which the prediction was made i1s also shown. The
prediction agrees closely with experiment.

Figure 1l gives an example of a prediction at M = 2.59 for a nose

shape whose contour 1s of the form y = ax - bx2 + exd. Again the fitted
circular-arc nose is shown. The present prediction and the prediction

by the method of characteristics (vorticity neglected) glve, within the
accurscy of the presentation, identical shock shapes, and these predictions
are in good agreement with the experimental results. The experimental
results were obtained at M = 2.62 as compared with M = 2.59 employed
in the predictions. However, this dlfference in Mach number amounts to

a difference in e of only about 0.29; this difference in e would

cause only & minor difference in the shock shape and would move the shock
slightly inward. It ls interesting to note, however, that the experi- v
mental results at M = 2.62 1lie above the prediction by the method of
characterigtice at M = 2.59 when the effects of vorticity are included.
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This 1s attributed primarily to the effects of the boundary layer on
the nose as discussed previously in this report. These results lend
additional support to the choice of neglecting vorticity that was made
in the development of the present method.

Although the present method need not be employed when the convexity
of the arbltrery nose shape is so small that the nose is essentlally a
cone (or wedge), it is interesting to note that the method does not break
down in the limiting case for which the nose is an exsct cone (or wedge).
In this case the radius of the fitted circular-arc nose is infinite.

Thus; the first calculated point on the shock lies at £ = », the shock
is straight, and its inclination is correct.

|

The preceding results indicate that, from a practical viewpolnt, the
accuracy of the method proposed hereln is comparable to that of the method
of characteristics. Differences can be found between the ratio of the
radius of curvature of the shock to that of the nose, exactly at the
tip of the nose, that may be calculated from the present method and
the exact ratio as derived by several investigators (ref. T, for example) .
However, a cursory examinstion Indicates that, when these ratios differ
to any extent, such large radii of curvature are involved that these
differences are mainly of academic interest, since they do not corre-
spond to any significant error in the local inclinations of the shock
given by the present method, including that portion of the shock near
the tip of the nose.

Errors associated with fitting circuler arc.- The errors likely to
be encountered as & result of poor fitting of the circular arc or slight
differences in fitting are illustrated in figure 15 for the nose shape
of figure 14. Two arbitrary fittings are compared with that selected
for the prediction of figure 1k (also repeated in fig. 15). The fitting
which gives the shortest circular-src nose is regerded as a hasty choice
since it certainly can be bettered. Nevertheless, had this fitting been
chosen, the resulting prediction would be negligibly different from the
prediction obtained by the fitting employed in figure 14 and would there-
fore be in close agreement with the experimental shock. The fitting
giving the longest circular-arc nose in figure 15 can be regarded only
as a poor one, and there is no justification for a misfit of this magni-
tude; however, it serves to show that even a fitting so poor as this
yields surprisingly good results.

From thls and similer examinations it may be safely concluded +that
the differences in predictions that are likely to be introduced by differ-
ences in the cholce of the circular arc will, in any reasoneble applica-
tlion of the method, be insignificant.
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CONCLUDING REMARKS

A method has been developed for the rapld prediction of the shape
of attached shocks emansting from smoothly contoured exisymmetric and
two-dimensionasl nose shapes. The method covers Mach numbers from about
1.5 to 5.0 and semispex angles at the tip of the nose up to values near
those for sonic conditions behind the shock. From a practical viewpolnt
the accuracy of the method is comparasble to that of the method of
characteristics.

Langley Aeronauticsl Laboratory,
Natlonal Advisory Committee for Aeronautics,
Lengley Field, Va., August 16, 1957.
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TABLE T.~ VALUES OF X

() For two-dimensional nose

shapes

Velues of K for 5=
M
501 100| 150 200 25°| 30°| 25°] Lo

1.5 8.0} 5.0| a==| =m=| cmme | cmme | mmmn} mmm

2.0} 8.0} 5.0| 3.0} 1.5} =cee| ccoc | mcee| meemn

2.6 8.0 5.0] 3.0| 2.0} 1.15] 0.50 | ~===]| —==w-

3.3| 8.0| 5.0{ 3.0| 2.0] 1.50| 1.10| 0.45] ==w-

L.0{8.0}]5.0{ 3.0 2.0} 1.50} 1.10} .70} ====

5.0 8.0] 5.0{ 3.0| 2.0| 1.55{ 1.20| .85] 0.43

(b) For exisymmetric nose shapes
Vaelues of K for & =

M

10°| 15° | 20° | 25° | 30° | 35° | bo® | u5° | s0°
1.5(6.80|1.47 {0.710]0.350} —=~—=| ~mmma | mcmme| camecf e
2.0{2.85|1.23 | .765| .585[0.435/0.297|—mwme| mmmmc| cmimame
2.5|1.95|1.03 | .750| .615] .506] .405[0.%500} ~=wma|=mau=
3.0{1.50| .91k} .730} .620{ .5h0| .462| .370|0.250(-=---
3.5|1.24| .850] .T720] .630] .575| .505| .417| .305| —=wa=
4.0[1.10| .810f .705| .640f .586] .525} .450| .350]0.190
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(n) M =1.88,

Flgure 2.- Tllugtretion of the general location of the first-family.-characterigtic line beyond

the general vicinity of which there is no significant influence of body shape on shock shape.
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Flgure 3.- Effects of vorticlity on shock shape over the portion of the
shock very near the nose. Axisymmetric circular-arc nose.



19

NACA TN 4167
32 /
%
28 ////
. . ///
s Without vorhcn’ry—\ | ///

d

/

Wwith vorticity

~|<

.16

A2 //

08 /

04 V4

o 04 08 iz .16
7

20 24

.28

(b) M =3.5; 8 = 45°, ( Interval between calculated points on shock

ranges from %—% 0.005 at lowest values of

highest values of %)

Figure 3.- Concluded.

X t0 X=~0.01
1 2

st



1.0
=9
» g
5|9
=
515 s
£|£ M 18, deg Nose typa
x Ed y = . P
| ---=- [30 | 45 | Axisym., circ. arc
T 35| 45 | Axisym, circ. arc
— |2569 35 Axis;gn., cublic
" — — |22 | 20 | Two-dimens, circ. arc
[
“© A 2 3 4 5 [ 7 8 0 1.1 1.2
7
Figure 4.- Compilation of effects of vorticity upon shock ordinates from several calculations.
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— Shock calculated by method of characteristics / =
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(e) Two-dimensional circular-arc nose. M = 2.6; & = 25°.
o
Figure 5.~ Illustration of the precision with which the values of K may be determined. -
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(a) Varietion with & for various values of M.

Figure 6.- Values of K for two-dimensionsl circulaer-arc noses.
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Figure 6.- Concluded.
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Figure T7.- Values of K for axisymmetric circular-src noses.
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Figure 8.- Variation of shock-wave angle with Mach number for various
semiwedge angles (two-dimensional turning)
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Figure l.'L.- Comparison of predicted and experimental shock for axisymmetric circular-arc nose.
M =1.62; 8 = 20.259,
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Figure 14.- Comperison of predicted
method of charascteristics with an

the form y =

ghock
,qhgfﬁﬁfh. experimen‘tal shock and with shocks caleulated by

¢ vorticity for axisymmetriec noge wilth contour of
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Figure 15.- Example of errors that would occur in prediction as a result of poor fitting of the
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